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Abstract. We introduce two new functionals, inspired by the work of Perelman, which are mono- 
tonic along the Sasaki-Ricci flow. We relate their gradient flow, via diffeomorphisms preserving the 
£N) ' foliated structure of the manifold, to the transverse Ricci flow. Finally, when the basic first Chern 

class is positive, we employ these new functionals to prove a uniform C° bound for the transverse 
scalar curvature, and a uniform C 1 bound for the transverse Ricci potential along the Sasaki-Ricci 
flow. 

t> 

^ ; 1. Introduction and Statement of Results 

Recently, Sasakian geometry has seen significant interest due to its role in the AdS/CFT cor- 
respondence. In particular, it is desirable to obtain a large class of Sasaki-Einstein manifolds. A 
great deal of progress has been made toward answering the question of when Sasaki-Einstein metrics 
exist. When the Sasaki manifold is regular, or quasi-regular (see §2 for definitions), much of the 
existence theory follows from the known results in Kahler geometry; we refer the reader to [30] and 
the references therein. Until very recently, no examples of irregular Sasaki-Einstein manifolds were 
known to exist. In fact, it was conjectured by Cheeger and Tian [6] that any Sasaki-Einstein mani- 
fold must be quasi-regular. However, this conjecture was disproved when irregular Sasaki-Einstein 
manifolds were discovered by Gauntlett, Martelli, Sparks and Waldram [12] coming from the physics 
surrounding the AdS/CFT correspondence. This discovery necessitated a more robust approach to 
studying Sasaki-Einstein manifolds which did not require a Hausdorff topological structure on the 
leaf space. Motivated by Calabi, another method for studying Sasaki-Einstein geometry via certain 
functionals related to the volume and scalar curvature was developed by Boyer, Galicki and Simanca 
in [3] and Martelli, Sparks and Yau in |19j . As in the Kahler case, when the basic first Chern class 
is positive there are known obstructions to the existence of Sasaki-Einstein metrics; see for example 
|1 H 113] . It is reasonable to expect that a suitable generalization of the famous conjecture of Yau 
|34] should hold in the Sasaki case; that is, existence of Sasaki-Einstein metrics should be equivalent 
to some geometric invariant theory notion of stability. We refer the reader to [25] and the references 
therein for an introduction to this very active area of research. 

Another well known method for generating Einstein metrics on manifolds is the Ricci flow, in- 
troduced by Hamilton in [16J, and extended to Kahler manifolds in [4]. Recently, this method was 
generalized to foliated Riemannian manifolds in [20], and then applied to Sasaki manifolds in [29], 
where the authors were able to generalize the results of [4]. The Sasaki-Ricci flow may prove a 
very effective way of generating examples of Sasaki-Einstein manifolds, particularly once a robust 
existence theory is developed. For example, in the Kahler case, when an Einstein metric is known 
to exist in the first Chern class, it was claimed by Perelman that the Kahler-Ricci flow will converge 
to it (see [251 El] for a proof if there are no holomorphic vector fields) . This result was generalized 
in |31] to include Kahler-Ricci solitions. Moreover, there is a large body of work relating the various 
geometric notions of stability, as well as algebraic properties of the base manifold, to the convergence 
of the Kahler-Ricci flow; see for instance |23 |. I24 |. [26 | I33j . It would be desirable to extend these results 
to the Sasakian setting. In this paper, we take a step in this direction. In particular, we generalize 
some results of Perelman [221 128] (see also [8] 18J), to Sasaki manifolds. 

l 



2 



TRISTAN C. COLLINS 



Before outlining this paper, we remark that all of our results hold for irregular Sasaki manifolds. 
In §2 of this paper we define key notions of foliations, as well as Sasakian and transverse geometry. 
We examine the relationship between the local transverse geometry and the global geometry. A 
significant difficulty that arises in the irregular case is the absence of a transverse distance function 
which is a metric on the leaf space. We define a transverse distance function which will be crucial to 
our developments, and investigate the properties of the "balls" it defines. In general, these sets can 
have pathological properties, but for sufficiently small radii we are able to identify them geometrically 

In §3 we define the Sasaki and transverse Ricci flows and state some of the known results. We 
also introduce special coordinates, developed in [2], which will aid us greatly in our subsequent 
developments. 

In §4 we introduce a new functional, which we call the transverse energy functional T T : 9Jlzt T (S) x 
Cf(S) -> R, given by 

F T {g,f) = [ (R T + \Vf\ 2 )e-fd». 
Js 

We refer the reader to §2-4 for the relevant definitions. We then prove: 

Theorem 1.1. Let (S,go) be a Sasaki manifold, foliated by its Reeb field £. Suppose that g(t) is a 
solution of the transverse Ricci flow on [0, T] with g(0) = go and let fx 6 C^^S). Then there is a 
solution f(t) to the transverse backward heat equation 

^ = -A B f + \Vf?-R T , 

on [0, T] with f(T) = fx, and f(t) basic for each t 6 [0, T]. Moreover, F T {g(t), f{t)) is monotonically 
increasing. 

A key feature of this new functional T T is that we succeed in relating its gradient flow to the 
transverse Ricci flow via time dependent diffeomorphisms which preserve the foliation. In particular, 
these diffeomorphisms fix the Reeb field and the integral curves of the Reeb field are geodesies with 
respect to the pulled-back metric. However, the diffeomorphisms need not, in general, preserve the 
transverse holomorphic structure of the Sasaki manifold and this necessitates the consideration of 
a larger class of manifolds than the Sasaki manifolds. We hope that this motivates the rather large 
number of definitions given in §2. 

In §5 we introduce another new functional, which is related to the functional J- T examined in §4. 
We refer to this functional as the transverse entropy functional 
W T : 0ftet T (S) x Cg 3 (S) x M >0 -> M; it is given by 

W T (g, /, r) = (47rr)- n / (r(R T + | V/| 2 ) + (/ - 2n)) e^dfi. 

Js 

We then prove: 

Theorem 1.2. Let (S,go) be a Sasaki manifold, foliated by its Reeb field £. Suppose that g(t) a 
solution of the transverse Ricci flow on [0, T] with g(0) = go- Let r(t) be a positive function on [0, T] 
with f t r = -1. Let f T e Cjf (S). Then there is a solution f(t) to the transverse backward heat 
equation 

% = -A B f + \Vff-R T +™ 
at t 

on [0,7] with f{T) = f T , and f(t) basic for each t E [0,T]. Moreover, W T {g{t), f{t),r{t)) is 
monotonically increasing. 

Finally, we apply these results to extend Perelman's results on the Kahler-Ricci flow [28] to the 
Sasaki setting. Namely, we prove; 
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Theorem 1.3. Let g T (t) be a Sasaki-Ricci flow on a Sasaki manifold (S, £) of real dimension 
2n + 1, and transverse complex dimension n, with c 1 B (S) > 0. Let u G C^(S) be the transverse Ricci 
potential. Then there exists a uniform constant C, depending only on the initial metric g(0) so that 

(1) \R T {g(t))\ + \u\ c i + diam T {S,g(t)) < C 
where diam T (S, g(t)) = sup x yeS d T (x,y). 

Again, we refer the reader to §2 and §3 for the relevant definitions. The proof of this result relies 
heavily on our developments in §2-5. We observe that Theorem 11.31 is evidence for the conjecture of 
Smoczyk, Wang, and Zhang [29J that the Sasaki-Ricci flow converges, in some suitable sense, to a 
Sasaki-Ricci soliton, a notion introduced in [11] . 

Remark. Very shortly after posting this paper on the arXiv, a paper by Weiyong He titled The 
Sasaki-Ricci flow and Compact Sasakian Manifolds of Positive Transverse Holomorphic Bisectional 
Curvature (jarXiv: 1103.5807(1 appeared. There is overlap in our results and methods, though He 
confronts the difficulties which arise in the irregular case differently. He also considers the Sasaki- 
Ricci flow with positive, transverse bisectional curvature, while we obtain a non-collapsing result 
which holds for irregular Sasaki manifolds. 

Acknowledgements: I would like to thank my advisor Professor D.H. Phong for suggesting 
this problem, as well as his encouragement and advice in the writing of this paper. I would also 
like to thank Professor Valentino Tosatti for many helpful conversations and for patiently reading 
a rather rough first draft. The majority of the research and writing of this paper was carried out 
during a visit to the Centre International Rencontres Mathematiques, whose support I would like 
to graciously acknowledge. I would like to thank the referee for many helpful suggestions. 

2. Background 

In this section we introduce the key concepts in the theory of foliations and Sasaki manifolds 
needed for our work. We refer the reader to [2j [21] [32] for a thorough introduction to the subject 
of foliated manifolds, and transverse Riemannian geometry. We refer the reader to [30] for an 
introduction to Sasakian geometry. 

2.1. Riemannian Flows and Riemannian Foliations. Let S be a compact manifold of dimension 
2n + 1, and £ a nowhere vanishing vector field on S. The integral curves of £ generate a foliation of 
S by one dimensional submanifolds. Assume now that (S,^,g) is a foliated Riemannian manifold, 
and denote by L^ the subbundle of TS generated by ^. 

Definition 2.1. A function f G C°°(S) is said to be basic if C^f = 0. The set of smooth basic 
functions will be denoted by C^(S). 

Definition 2.2. A vector field X on S is said to be foliate with respect to the foliation induced by 
Zif[X,£]€Lt. 

Definition 2.3. A Riemannian metric g is said to be bundle-like with respect to the foliation induced 
by £ if for any open set U and foliate vector fields X , Y on U perpendicular to L^, the function 
g(X, Y) is basic. 

The foliation induced by £ on S is said to be a Riemannian foliation if S admits a bundle-like 
metric g. Throughout this paper we will remain firmly in the category of Riemannian foliations. 
Riemannian foliations admit global transverse Riemannian structures which reflect the geometry of 
the local Riemannian quotients. That is, given a foliated Riemannian manifold (S,£,g) we obtain 
an exact sequence 

(2) 0^I e ^T5AQ^0 
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where Q = TS/L^. The metric g defines an orthogonal splitting of this sequence Q -> TS, so that 
we may write 

TS = Lf® L v 

By identifying = Q, we get a metric g T on Q by restricting g to L^-. In general, however, this 
metric will not yield a metric on the local Riemannan quotient. In fact, if U is a small open set, and 
7r : U — > U is the quotient map to the local Riemannian quotient, then g T = ir*g for some metric g 
on U if and only if g is bundle-like. In the case that (S, £, 5) is a Riemannian foliation, we see the 
above procedure produces a global metric g T on Q which is given locally by the pull-back of a metric 
from the local Riemannian quotient. If (S,£,g) is a Riemannian foliation such that = 1, and 

the integral curves of £ are geodesies, then the foliation is said to be a Riemannian flow. A key 
feature of manifolds foliated by a Riemannian flow is that for any point p £ 5 we can construct 
local coordinates in a neighbourhood of p which are simultaneously foliated, and Riemann normal 
coordinates. That is, we can find Riemann normal coordinates {x,yi, . . . ,y2n} on a neighbourhood 
U of p, such that J| = £ on £7. 

2.2. Sasaki Manifolds and Contact structures. A Sasakian manifold of dimension 2n + 1 is 
a Riemannian manifold (S 2n+1 ,g) with the property that its metric cone (C(S) = M>o x S,g = 
dr 2 + r 2 g) is Kahler. A Sasakian manifold inherits a number of key properties from its Kahler cone. 
In particular, an important role is played by the Reeb vector field. 

Definition 2.4. The Reeb vector field is£ = J{rd r ), where J denotes the integrable complex structure 
on C(S). 

The restriction of £ to the slice {r = 1} is a unit length Killing vector field, and its orbits define 
a one-dimensional foliation of S by geodesies called the Reeb foliation. There is a dual one-form 77 
defined by 77 = id c log r = i(d — d) log r, which has the properties 

n(0 = !> ^drj = 0. 
Moreover, we have that for all vector fields X 

V (X) = ±g(£,X). 

The Kahler form on C(S) is then given by ui = ^d(r 2 n). The 1-form r\ restricts to a 1-form 7]\s on 
S C C(S). Using the fact the C r Q r r] = one shows that in fact 77 = p*(r]\s) where p is the canonical 
projection from C(S) to S. By abuse of notation, we do not distinguish between 77 and its restriction 
to S. Since the Kahler 2-form cv is non-vanishing, it follows that the top degree form 77 A (<i?7) n is 
non- vanishing on S, and hence (S, 77) is a contact manifold. 

Let be the line bundle spanned by the non-vanishing vector field £. The contact subbundle 
D C TS is defined as D = ker??. We then have the exact sequence (J2J). The Sasakian metric g gives 
an orthogonal splitting of this sequence so that we identify Q = D, and 

TS = D L t 

Define a section $ G End{TS) via the equation <&(X) = Vx£- One can then check that $>\r> = J\d 
and <3?|l c =0, and that 

$ 2 = -1 + n <g> £ , and s($p0, $(y)) = Y) - r)(X)r)(Y) 

for any vector fields X and FonS. The second equation says that g\z> is a Hermitian metric on D. 
Since 

(3) g(X,Y) = U^XMY)) +V(X)V(Y), 

we see that \drj\u is the fundamental 2-form associated to g\o- The triple (D,<f>\r),dri) gives S a 
transverse Kahler structure. We take this up in the following. 
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2.3. Transverse Kahler structures and the Reeb foliation. The Reeb foliation inherits a 
transverse holomorphic structure and Kahler metric in the following (explicit) way. The leaf space of 
the foliation induced by the Reeb field can clearly be identified with the leaf space of the holomorphic 
vector field £ — iJ(£) on the cone C(S). Here, J denotes the integrable complex structure on the cone. 
By using holomorphic, foliated coordinates on C(S), we may introduce a foliation chart {U a } on S, 
where each U a is of the form U a = I x V a with IcR and open interval, and V a C C n . We can find 
coordinates (z, z%, . . . , z n ) on U a , where £ = d x , and z±, . . . ,z n are complex coordinates of V a . The 
fact that the cone is complex implies that the transition functions between the V a are holomorphic. 
More precisely, if (y, w%, . . . , w n ) are similarly defined coordinates on Up with U a C\Up ^ 0, then 

dzj dzi 

, -tA = 0. 



dWj dy 

Recall that the subbundle D is equipped with the almost complex structure J\d, so that on D <g> C 
we may define the ±i eigenspaces of J\d as the (1,0) and (0,1) vectors respectively. Then, in the 
above foliation chart, (D (8) C)'- 1 ' *' is spanned by d Zi — T](d Zi )£. Since £ is a killing vector field it 
follows that g\rj gives a well-defined Hermitian metric on the patch V a . Moreover, ([3|) implies 
that 

Thus, the fundamental 2-form oj^ for the Hermitian metric g^ in the patch V a is obtained by 
restricting \dr\ to a fibre {x = constant}. It follows that uj^ is closed, and the transverse metric g^ 
is Kahler. Note that in the chart U a we may write 



n 

n = dx + d Zi K a dzi - i ^ c\ t K a dzi 
i=i i=i 

where K a is a function of U a with d x K a = 0. We may identify the collection of transverse metrics 
{da} w ith the global tensor field on S given by 

g T (X,Y) = ±dr l (X,<Z>(Y)) 

and the transverse Kahler form u T is similarly defined globally as \dn. 

Sasaki manifolds fall in to three categories based on the orbits of the Reeb field. If the orbits 
of the Reeb field are all closed, then the £ generates a locally free, isometric U(l) action on (S,g). 
If the U(l) action is free, then (S, g) is said to be regular and the quotient manifold S/U(l) is 
Kahler. If the action is not free, then (S, g) is said to be quasi-regular, and the quotient manifold is 
a Kahler orbifold. If the orbits of £ are not closed, then the Sasakian manifold (S,g) is said to be 
irregular. Carriere has shown that the leaf closures are diffeomorphic to tori, and that the Reeb 
flow is conjugate via this diffeomorphism to a linear flow on the torus. The local flow of the Reeb 
field defines a commutative subgroup of the isometry group of (S,g) whose closure is a torus T. 
The dimension of X is called the rank of (S,g), denoted rk(S,g), and is an invariant of the Pfaffian 
structure (S, £). If (S, g) has dimension 2n+l, then one can show (see [I]) that 1 < rk(S,g) < n + 1. 
In particular, for any p £ S, orb^p is an imbedded torus of dimension less or equal n + 1. Here orb^p 
denotes the orbit of p under the action generated by £. 

2.4. Transverse Geometry and Basic Cohomology. We return now to the subject of transverse 
Riemannian geometry. Suppose that (S,£,g) is a manifold, foliated by the local flow induced by 
£, and g is a bundle-like metric. Then the quotient bundle Q defined by (J2]) is endowed with a 
transverse metric g T . Moreover, there is a unique, torsion- free connection on Q which is compatible 
with the metric g T . This connection is defined by 

7 Trr _ / xo~{V)) p , if X is a section of D 



V7T T/ _J (Vxo-(V)) p , if X is a 

VxV -\ ia,o-(v)y, if * = * 
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where V is the Levi-Civita connection on (S,g), a is the splitting map induced by g, and p is the 
projection from TS to the quotient Q. This connection is called the transverse Levi-Civita connection 
as it satisfies 

V X Y -V^X - [X,Y} p = 0, 
Xg T (V, W) = g T (V x V, W) + g T (V, V T X W). 
In this way it is easy to see that the transverse Levi-Civita connection is the pullback of the Levi- 
Civita connection on the local Riemannian quotient. We can then define the transverse curvature 
operator by 

Rm T (X,Y) = V£v£ - V$V T X - Vf x>Y] , 

and one can similarily define the transverse Ricci curvature, and the transverse scalar curvature. 
There is also a notion of transverse cohomology, which we introduce now. 

Definition 2.5. A p-form a on (S,£) is called basic if i^a = ; and C^a = 0. 

On (S, £) we let A^ be the sheaf of basic p-forms, and Q, B = T(S, A B ) the global sections. It is 
clear that the de Rham differential d preserves basic forms, and hence restricts to a well defined 
operator d B '■ A P B — > A P B +1 . We thus get a complex 

o -> cf{s) ^n B ^--- 

whose cohomology groups, denoted by H P B (S), are the basic de Rham cohomology groups. Moreover, 
we can define the basic Laplacian on forms by 

-A B = d B d B + d B d B - 

In general, the basic Laplacian does not agree with the restriction of the de Rham Laplacian to basic 
forms |17| . However, the basic Laplacian on functions does agree with the restriction of the metric 
Laplacian to basic functions, and one can check that 

A B = A\ ow(s) = (g T fV t V 3 

If (S, g) is Sasakian, then the transverse complex structure <!> allows us to decompose 

A r B ®C= e Ag 9 . 

p+q=r 

We can then decompose d B = d B + d B , where 

d B : A p ^ q -> A P B +1 ' 9 , and 8 B : A p B q -> A™ +1 . 

Consider the form p T = Ric T (&-, •), which is called the transverse Ricci form. In analogy with the 
Kahler case, one can check that 

p T = -V^ld B d B logdet(g T ) 

and hence p T defines a basic cohomology class, [p T ] B , which is called the basic first Chern class, 
and is independent of the transverse metric. A transverse metric g T is called a transverse Einstein 
metric if it satisfies 

Ric T = cg T 

for some constant c. In particular, we observe that it is necessary that the basic first Chern class be 
signed. 

Definition 2.6. For x,y E 5 we define the transverse distance function d T : S x S — >■ R by 
(4) d T (x,y)= inf dist(p,q) 

{p^orb^x,qEorb^y\ 

An important property of the transverse distance function is the following elementary lemma. 

Lemma 2.1. Fix z G S, and define a function h : S — » R by h(y) = d T (z,y). Then h is basic, and 
Lipschitz, with \h(x) — h(y)\ < dist(x,y). In particular, h is a.e. differentiate, with |V/t| < 1. 
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Note that in general, we can not expect any regularity better than Lipschitz. In fact, if the Reeb 
field is irregular, then the transverse distance function fails to be a metric on the leaf space, and 
in general, can fail to be differentiable. To see the kind of pathology that can occur in this case, 
consider a solid torus with a central S , foliated by tori, which are the orbits of irrational curves. 
We regard the solid torus as a subset of M 3 with the induced metric. In this case, it is clear that 
the distance function fails to be C , and that every point on the same torus is distance from every 
other point, including points not on the same orbit. In the regular and quasi-regular cases, the 
transverse distance function defines a metric on the leaf space. The analogue of a closed geodesic 
ball is; 

Definition 2.7. The closed, transverse tube of radius r about x G S is the set 

T(x,r) = {y G S\(f(x,y) < r}. 

Again, it is instructive to keep in mind the pathology that can occur when the Reeb field has 
non-closed orbits. If p is a point in S with non-closed orbit, then its closure defines an imbedded 
torus of dimension q < n + 1. The transverse tube T(p,r), is then the union of transverse tubes 
about every point in the torus. We are the led to consider the geometry of such sets. To make 
this plain, let (M,g) be a Riemannian manifold and P be a topologically imbedded submanifold, 
possibly with boundary. 

Definition 2.8. The closed geodesic tube around P of radius r is the set 

T geo (P,r) = {m £ S\ 3 a geodesic 7 of length L(j) < r from m meeting P orthogonally } . 
Observe that when r < inj(S), then we can write 

T geo (P,r) = (J {exp p (v)\v G TpP 1 - and \\v\\ < rj 
peP 

It is a perhaps surprising fact that, for sufficiently small radius, transverse tubes and geodesic 
tubes are equivalent. 

Proposition 2.1. Let p G S, and P = orb^p be the torus defined by p. If r < inj(S), then 

T(p,r) = T geo (P,r) 

Proof. First we prove the easy inclusion. Assume that x G T geo (P,r). Then there is a y G P, 
and v G T y P ± with \\v\\ < r such that x = exp y (v). Fix e > 0, and choose y e G orb^p such that 
d(ye,y) < e. Then, 

d T (p, x) = d T (y € , x) < d(y € , x) < r + e. 
Since this holds for every positive e, we get x G T(p,r). 

To prove the reverse inclusion assume that x G T(p,r). By definition of d T , we can find a 
y G P and z G orb^x such that <i T (z,y) < r and <i T (x,y) = d(z,y). Since r < inj(S), there is a 
unique geodesic 7 joining y to z which has £(7) = d(z,y). By an exercise in differential geometry 
7'(0) G TyP- 1 . Thus, z G T geo (P,r). If orb^x is closed, then we are done, so assume otherwise. We 
need a lemma. 

Lemma 2.2. // z G orb^x, then x G orb^z. In particular, orb^z is not closed. 

Proof. This follows immediately from the fact that the Reeb field generates a Riemannian flow. 
First, it is clear that if z G orb^x, then orb^z C orb^x, as the Reeb field is Killing. Now, given 
a sequence {x n } C orb^x converging to z, we generate a sequence {z n } C orb^z converging to x 
by composing with the diffeomorphism 4> n generated by ^ so that 4> n {x n ) = x. We then define 
z n = <t>n{ z )- That z n converges to x follows immediately from the fact that 4> n is an isometry. □ 

Now, since z G T geo (P,r), it is clear that orb^z C T geo (P,r), as £ is Killing, and thus orb^z C 
T geo (P,r), as T geo (P,r) is closed. By Lemma [2721 we see that x G T geo (P,r). □ 
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It is to our advantage that a great deal of work has been done to understand the relationship 
between the geometry of a tubular set around a submanifold P, and the ambient manifold M. In 
particular, we have the following asymptotic expansion for the volume of a geodesic tube: 

Theorem 2.1 ([15] p. 203, Theorem 9.23). Let M be a manifold of dimension n, and P C M a 
submanifold of dimension q. Let Y B (r) be the volume of a geodesic tube about P. Then the following 
asymptotic expansion for the volume holds; 

(5) V£(r) = % ) ... Vol{P) (1 + 0(r 2 )) . 

(i(n-g)!) 

It is of note that in [15] the first and second coefficients in the expansion are computed. However, 
we will not need them. 

3. The Sasaki-Ricci flow, and the Transverse Ricci flow 

We now define the Sasaki-Ricci flow, and the transverse Ricci flow. Given a Riemannian foliation 
(S, £, g) we define the Transverse Ricci flow by 

(6) g 

The short time existence for the flow ^ was established in [20j . On a Sasakian manifold, we 
can exploit the transverse Kahler structure to introduce another flow for the transverse metric as 
follows; fix an initial Sasaki metric g Q = dr\ such that K[dr] ]B = c B = [Ric T ]B- Using the transverse 
dd- lemma of [9] , there is a basic function F : S — )■ R such that 

Ric T = Kdn + dsd B F. 

We then define the Sasaki-Ricci flow by 

(7) d -^ = -Ri<F g{t) +Kf{t), 

which can be expressed locally as a parabolic Monge- Ampere equation on transverse Kahler poten- 
tials (b via 



(8) ^ = log detCsg + did- k 4>) - log det(^) + ncj) — F. 

It was proved in [29] that this flow is well-posed. Moreover, they showed that this flow preserves the 
Sasakian structure of S, the solution <p exists for all time, remains basic, and converges exponentially 
if c B < 0. Observe that one can pass from a solution to ([6]) and a solution to the Sasaki-Ricci flow ([7]) 
via the usual method of dilating the metric and scaling time. In particular, the results of |29] imply 
that if the initial metric g Q is Sasakian, then the solution to ([6]) exists on [0, and remains 
Sasakian. It will be important for us that these two flows are interchangeable. 

We make a brief comment on volume forms. For a contact manifold (S, 77), the top form 77 A (drj) n 
defines a volume form on S. If, on the other hand, (S, £, g) is a foliated Riemannian manifold 
with the foliation induced by £, bundle- like metric g and transverse metric g T , then we can use 
the standard Riemannian volume form on S. Now, if (S,g) is a Sasaki manifold, then S is both 
a contact manifold, and a foliated Riemannian manifold, with metric g = rj <g> 77 + dr](-,$-), and 
induced transverse metric g T (X,Y) = dr](X,&Y); it is an easy exercise to check that the volume 
form 77 A (dr]) n agrees with the Riemannian volume form. Suppose now that the transverse metric 
g T , is evolving by the Sasaki-Ricci flow. Then the evolved contact structure is given by 

rj t = rj + d c B 4>(t) 

for a basic function 4>(t). The evolved volume form is given by 

Vt A (d Vt ) n = (77 + d%m) A (dvtT =1»A {d m ) n + d B <f>(t) A (d Vt ) n 
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By observing that (dr]t) n A d c B 4>{t) is a basic form of degree 2n + 1, we see immediately that 

r) t A (drj t ) n = Vo A (drj t ) n = det(^ + d^cf,). 

See, for example, Lemma 5.2 of [29J. In particular, the canonical volume forms arising from the 
contact, and foliated Riemannian structures on a Sasaki manifold agree with the local transverse 
Kahler volume form. The following lemma is an easy consequence of the evolution equation for the 
Sasaki-Ricci flow. 

Lemma 3.1. The volume of S is preserved by the Sasaki-Ricci flow. 

We now make a brief digression on coordinates. Let (S, g) be a Sasaki manifold, p G 5 a point. 
One can choose local coordinates (x, z , . . . , z n ) on a small neighbourhood p G U such that 

•e = & _ 

• v = dx + v^TEi=i M^' - v^TEJLi 

• <*> = v^i{E "=i ( ii - V^ihjl) ® ^ - e - =1 ( Jj + V=%£) a 

• g = r]®r] + 2 YTj,i=x hjjdzidz 1 

where h : U — > R is a local, basic function (ie. = 0), and we have used /ij = -^jh, and 

^'i = dSdz 1 ^ ee ' ^ or exam Pl e > [H]- We can additionally assume that in these coordinates hj(p)=0. 
An important observation is that the transverse Christoffel symbols with mixed barred and unbarred 
indices are identically zero. Moreover, the pure barred and unbarred Christoffel symbols are given 
by the familiar formula for Kahler geometry 

4 = {g T ) kp d ig T pj . 

Throughout this paper we will refer to these coordinates as preferred local coordinates. From the local 
formulae, the preferred local coordinates show immediately that -^gij = -§^gfj = 0. Moreover, if <j> 
evolves by the transverse parabolic Monge- Ampere equation (|8|), then local coordinate expressions 
for the evolved Sasaki metric g(t) in the preferred local coordinates are obtained by replacing h with 
h + We refer the reader to [29] for more useful formulae which hold in these coordinates. 

4. The Transverse Energy Functional 

The aim of this section is to prove Theorem 11.11 In the course of the proof we will see that the 
transverse Ricci flow is related to the gradient flow of the J- T functional via diffeomorphisms. This 
is in exact analogy with the Ricci flow. However, if (S, g) is Sasakian, the diffeomorphisms which 
relate the two flows need not preserve the transverse holomorphic structure of the manifold. This 
necessitates a consideration of a larger class of manifolds, namely manifolds foliated by geodesies. 
Given a Riemannian foliation (S,£), the class of metrics for which the foliation is generated by a 
Riemannian flow is described in the following definition. 

Definition 4.1. Let (S, £) be a Riemannian foliation. We define the space Wltt T (S) to be 
Tlct T (S, = {g£ C°°(S, S 2 T*M)\g > 0, <?(£, £) = l,£ e <? = 0} . 

Remark. Note that if g G Tlti T (S,^), then g is bundle-like. Moreover, it is a fact that if g G 9JTet T (S'), 
then the integral curves of £ are geodesies. In particular, for a general one-dimensional foliation the 
set mtt T {s,i) may be empty. However, in all applications we consider DJlti r (S, £) will not be empty. 

In order to lighten notation, when the vector field £ generating the foliation is understood, we 
will denote Wlet T (S, f ) by Wizi T (S) . 

By the above remarks, we see that every metric g G 9Jtet T (S') induces a transverse metric g T . In 
fact, the opposite also holds. Given a transverse metric g T on the quotient bundle Q, let g G Wlei T (S) 
and define a metric g G 9Jtzi T (S) as follows; the metric g defines an orthogonal decomposition 
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TS = L(: ® L^, hence any vector X may be decomposed as X = X 1 - + X^ where X 1 - G L^, and 
X^ G Lg. We then define the metric g by 

~g(X,Y)=g(X^Y^+g T (X ± ,Y ± ). 

It is an easy exercise to check that g G S0Tet T (5), and that g induces the transverse metric g T . 

Definition 4.2. We define the transverse energy functional T T : Wlti T (S) x Cf{S) ^Mby 

T T (g,f)= [ (R T + \Vf\ 2 )e^dfi. 
Js 

where d\x is the volume form associated to the metric g. 

Remark. We remark that while we have defined the functional J- T in terms of the full metric 
g G Wlzt T (S), it clearly only depends on the induced transverse metric. 

Our first task is to compute the variation of J- T . In order to do this, we need to define the space 
of variations which preserve Tlct T (S). We observe that if v G C°°{S,S 2 T*S) has = 0, and 

C^v = 0, then for t sufficiently small, g + tv G 9Jtet T (»S). This motivates the following definition: 

Definition 4.3. The (formal) tangent space ofyKti r {S), is the set 

TWlzt T (S) = {v£ C°°{S,S 2 T*S) : = 0, and C^v = 0} . 

We can now compute the variation of the transverse energy functional. 

Proposition 4.1. If g G 9Jtet T , and v G T9JTet T (S') ; and h is a basic function then 

5T T (v, h) = J s e- f {- Vij (Rial + V l V J f) + (v - h){2A B f - |V/| 2 + i? T )e~ / ) dfi. 

Proof. Let g G 97tet T (S'), and fix p G S. By the remark following Definition 14.11 we can find normal 
coordinates {x, y\, . . . , y2 n } in a neighbourhood U of p for the metric g such that J| = £, and 
{c^/i"Ip' ■ ■ ■ ' 8y2~\p} * s an orthonormal basis for D{jp). In these coordinates, g takes the form 

/ 1 

\ 92n0 

where g[j is the (i, j)-th component of g T , and we have used the index to denote the dx components. 
The variation v is of the form 

/ u i . . . V 02 n \ 

\ V2n0 V 2n l ■ ■ ■ V 2n 2n J 

where = 0. In particular, observe that 5gfj(p) = For 1 < k < 2n. The connection 

coefficients for the transverse Levi-Civita connection are 

= \(9 T t l {digft + d 3 gl - %J) for 1 <i,j,k < 2n 
ft = for 1 < j, k < 2n. 



901 902 • • • 902n 

911 +9Q! 912 + 901902 ■ ■ ■ 9V2n + 90l902r 



92nl + 902n901 92n2 + 902n902 ■ ■ ■ 92n2n + 9o2n ) 
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Thus, at p, we have 

2n 

SR T = ( d ^i 3 ~ djf-k) + d k div ik - dkdkvu 

2n 

= ^ - v ij Ric fj + VfcVjVife - &tr g Vij 

We now compute the variation of the volume form, to get 

5 dp = g^Vijd/j, = tr g Vijdfj,. 
Setting v = tr g Vij = tr g rVij, it follows easily that 

SJ%,h) = [ e ~ f (-%' i mc l + V W) + (« - h)(2A B f - |V/| 2 + R T )) dtx. 
<J s 



□ 



Note that if g and / evolve by 

(9) ^ = -(mc T + D*f) 

(10) = -A B f - R T 

and, (g(t),f(t)) G artet T (S) x C^iS), then T T \(g(t), f{t)) is increasing, and 

jT T {g{t)J(t)) = J s \mc T + D 2 ffe-fdn. 

As in the Ricci flow, the gradient flow equations (|9|), and (|10p . are related to the transverse Ricci 
flow via time-dependent diffeomorphisms. 

Proposition 4.2. Given a solution (g(t),f(t)) G 9Jtet T (S) x Cg 3 to 

d 9 T „,t 
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(11) |[- = -A B / + |V/| 2 -i? T 

wit/i (g(t),f(t)) defined on [0,T], f{t) basic, g{0) Sasakian, define a 1-parameter family of diffeo- 
morphisms p(t) : S — > S by 

(12) % = -\ V 9{t)f{t), p(0) = id s 

which is a system of ODE admitting a solution on [0, T\. Then the pulled back metrics g{t) = 
p(t)*g(t) are bundle-like, and hence induce transverse metrics g T {t). The transverse metrics g T (t) 
and the pulled back dilaton f(t) = p(t)*f(t) satisfy equations (0J), and $10\) respectively. Moreover, 
f is basic, and g(t) G Wlzt T (S). 

Remark. The assumption that g(t) G 9Jtet T (S') is not required. It follows from the work in [29], 
that if g(0) is Sasakian, and g(t) solves ([6]), then g(t) is Sasakian, and hence g(t) G dJtzt T (S). That 
equation (fT2l) admits a solution of [0, T] is standard; see, for example, Lemma 3.15 in [7]. 

The proof of Proposition 14.21 will follow essentially from the following lemma. 



Lemma 4.1. Under the assumptions of Proposition \4~J^ for each t G [0, T], we have 
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(ii) p(t)*g is bundle-like for the foliation induced by the vector field £. Moreover, p(t)*(g T ) = 

(p(tYa) T . 

Proof. For the rest of the proof, fix a point p £ S and choose preferred local coordinates {x, Zi, . . . , z n , Z\ 
in an open neighbourhood U 3 p, for the metric <?(0). 

We begin by proving (i) for small time; fix a time t and asume that t is chosen sufficiently small 
so that p(s)(x,0, ••• ,0) remains in the coordinate patch for every x £ [— e, e] for some e > 0, and 
< s < 2t. Observe that fit) and git) are independent of x, and so the time dependent vector 
field — ^V s (t)/(t) is independent of x. The curves p(s)(x, 0, . . . , 0) have the same tangent vectors for 
every x £ [— e, e] and s £ [0,t]. Hence p(t)(x,0, ... ,0) = (x,0, . . . ,0) + p(t)(0,0, ... ,0). It is clear 
then that p(t)*£ = £, proving the result for small t. The result for general t is obtained by taking a 
sequence of preferred local coordinates in open sets U{ which cover the curve p(s) where s £ [0,t], 
and applying the above argument repeatedly. 

If h is a smooth, basic, local function in a neighbourhood of p(t)(p), then p(t)*h is a smooth, 
basic function in a neighbourhood of p, since £p*h = p*£,h = £h = 0. Using the local formula for the 
evolved contact form, and the above preferred coordinates, this yields 

n n 

P (ty v (t) = dx + V=iJ2h dzj ~ 

3=1 i=i 

where fj,fj are smooth, basic, local functions. A similar argument provides a local formula for 
p(t)*g(t). They key point is that the component functions of p(t)*r](t), and p(t)*g(t) are basic in the 
preferred coordinates. From now on, we suppress the argument t. We have the following formula 
for the metric 

(13) p*g = p*(r]®ri + drj(-,®-)) = p*r] ® p*r] + dr](p*-,<5>p*-). 

In particular, p*g(£,-) = p*rj. We can now prove (ii). Suppose that X is a foliate vector field 
orthogonal £, then 

d 

X = A(x, Z\, , Z n , Z±, , Z n)~Q^ + Z{z\, . . . , Z n , z±, . . . , z n ), 

where 

n d H d 

Z = Bi(zi, z n , fx, z n ) — h Ci(z\, z n , zi, z n )-—. 

OZi OZi 
1=1 1=1 

Since X is orthogonal £, and /o*^ = ^ we have = p*g(X,£) = p*r](X) = A + p*r/(Z), and so 

(14) zi, . . . ,z n ,zi, . . . ,z n ) = -p*rj(Z). 



By the above arguments, the right hand side of (|14p is a basic function, and thus A is independent of 
x. It follows that p*g(X, Y) is a basic function for any vector fields X, Y verifying the assumptions 
of Definition 12.31 The last statement is an easy application of the definition of g T , and property 
(i). ' ' ' □ 

Note that in equation (|13p . it is precisely the fact that Qp* ^ p*Q which prevents the pulled back 
metric p*g from being Sasakian, and necessitates our consideration of the large class of manifolds 
foliated by Riemannian flows. We can now prove Proposition 14.21 



Proof of Proposition \4-$\ That g is bundle-like follows from Lemma 14.11 That / is basic is clear. 
That equations ([9]) and (flOl) are satisfied is a standard computation. That g £ Wlet T (S) follows from 
Lemma l4~T| since C^p*g = C^g if p*£ = £. □ 

In order to prove Theorem ll.lt we are thus reduced to showing that we can solve the coupled 
equations © and (fTTj) . 
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Proposition 4.3. If g T (t) is a transverse Ricci flow on [0, T] with g(0) Sasakian, and fx is a basic 
function, then 3/(i) fort G [0,T] solving the transverse backward heat equation Ul\) with f(t) basic 
for each time t, and f(T) = fx- 

Proof. Let {U a } be a cover of S by preferred local coordinate charts, constructed with respect to 
the metric g(0), and let {V^} be also as before. Set u(s) = e~^ s \ where s = T — t. Then the 
equation (fTTI) becomes 

du T 

■7— = Abu — R u, u(0) = u. 

OS 

Fix an open set Up. Note that by the existence and uniqueness results of [29], {g T )~ l and R T are 
independent of x. By assumption, the initial condition u is independent of x also. Thus, if we find 
a solution u to 

(15) ^ = Au - R T u, u(0) = u, 

OS 

on Vp C C n and then set u(x, z\, . . . z n ) = u{z\, . . . , z n ), then this will solve the problem on Up. 
Now, equation f)15|) is parabolic as long as g T remains positive definite, and hence we can solve (|15f) 
on [0, T\. We have thus generated a family of local basic solutions {U a , u a }. It remains to show that 
these solutions glue to a global solution. This is a consequence of the following lemma. 

Lemma 4.2. Let w(t) be a basic function solving i fl5|) on U a n Up with tu(0) = 0. Then w(t) = 
Vt G [0,T]. 

Proof. Since i? T is a smooth function on S 1 x [0,T], we may choose A > so that R T + A > on 
S x [0,T]. Set v = e~ Xs w, and observe that v satisfies 

^ = Av-(R T + X)v 

OS 

where we are considering the equation on V C C n . Applying the maximum principle to v and —v, 
and using that v is basic proves the lemma. □ 

Now, the lemma shows that the solutions glue to a global solution, and it is clear, by construction, 
that the solution is basic. □ 

We now investigate the dependence of the functional T T under diffeomorphisms of the type 
constructed in Proposition 14. 2\ whose existence we have just demonstrated in Proposition 14.31 We 
begin by abstracting the properties of these diffeomorphisms. 

Definition 4.4. Let Diff be the group of diffeomorphisms of S. We define the class of transverse 
diffeomorphisms Diff T 

Diff = {p € ©iff : M = £ and p*(g T ) = (p*g) T } 

First note that £>iff T is a subgroup of ©iff and that ©iff T preserves the class Wlei T . We now show 
that the group ©iff T preserves the transverse scalar curvature. 

Lemma 4.3. Let g G Wlet T (S). If p £ ©iff T then p*R T (g) = R T (p*g) 

Proof. Fix a point s G S. Let {E{} be a local orthonormal frame for L^. By [2], we have the 
following formula for any metric g G Wlti T (S), 

R T = R + 2j29 T (VE£,V Ei )- 

i 

Where R is the scalar curvature of the metric g. Observe that as ©iff T preserves 97tet T (5), we have 

(16) p*R T (g) - R T (p*g) = 2^pV(V4 V^)) - (p*g) T (V p ^ E ^ V^-i^O- 
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where we have used V to denote the Levi-Civita connection of p*g, and that {p~ l E{\ is an orthonor- 
mal frame with respect to p*g. It is important to note that the first term on the right hand side 
of (|16p is the pullback of a function. In particular, we have 

It is elementary to check that 

VxY = p- 1 (V P ,xP*Y) . 

Thus, since p G £Hff T we see that the right hand side of (1161) is zero. □ 
Proposition 4.4. The functional J- T is invariant under the action of Diff T . 

Proof By Lemma l4~3| it suffices to show that if / G C^(S) then so is p* f. This last fact is obvious 
as p*£ = £. Thus we have 

|V/| p t = |V/| 9 = \Vp*f\ p * 9 = \Vp*f\ ip « g)T = \Vp*f\ p » {gT) 

□ 



We can now prove Theorem II .li 

Proof of Theorem \l.l\ By Proposition 14.31 we can solve equation ([lip . By Proposition 14. 21 the pulled 
back pair (g(t),f(t)) satisfy the gradient flow equations @ and (fTUj) . and hence J^{g(t), f(t)) is 
increasing. By Lemma 14.11 the time dependent diffeomorphisms p(t) E Qiff T and so by Proposi- 
tion H31 ^(g, f ) = ^{g, /)• The theorem is proved. □ 

5. The Transverse Entropy Functional 

The aim of this section is to prove Theorem ll.2i As with the Ricci flow, the proof of the theorem 
is essentially the same as the proof of Theorem II. 1\ and hence we will omit the details. We refer the 
reader to [HJ [22] for the details in the Ricci flow case. 

Definition 5.1. Let (S,£) be a foliated Riemannian manifold. Define the transverse entropy func- 
tional W T : Tltt T (S) x C%(S) xl >0 4R by 

W T {g, /, r) = (4vrr)~" / {r(R T + |V/| 2 ) + (/ - 2n)) e~Up 

Js 

where dp is the volume form associated to the metric g. 

Remark. Before proceeding, we make a few observations about the scale invariance of W T . By the 
remarks following Definition I4.2| we see that W T depends only on the induced transverse metric. 
Moreover, it is easy to see that if g,g G 9Jtet T (S) induce the transverse metrics g T , cg T respectively, 
then W T (g, f, r) = W T (g,/, er). By abuse of notation, we will sometimes consider the functional 
W T (g T '> /j t), by which we mean W T (g, f, r) for any metric g G 5D?et T (5') which induces g T . Such a 
metric g exists by the discussion following Definition 14. 11 

One can compute the variational equations for W T easily by using the computation for the J- T 
functional and following the same steps as in [Bj. In particular, one sees that if (g(t), f(t),r(t)) 
evolve by 

(17) ^ = -(mc T + D 2 f) 



(18) 
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then W T (g(t), f(t), r(t)) is increasing, and J s (47tt)~" e~ dp, = 1. By an elementary modification of 
the proof of Proposition 14.21 we have 



Proposition 5.1. Suppose (g(t), /(t),r(i)) G 9Jtet T (S) x Cf 3 x R >0 solves 

-Ric 2 



d 9 T o,„T 
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(20) ^ = -AB/ + |V/| 2 -i? r + ^ 

at r 

dT 

-17 = -1 

tuif/i (g(t), f(t)) defined on [0,T], f(t) basic, g(0) Sasakian, and r(t) > 0. Define a 1-parameter 
family of diffeomorphisms p(t) : S S by 

% = -\v 9{ t)f[tl p(0) = id s 

which is a system of ODE admitting a solution on [0, T\. Then the pulled back metrics g(t) = 
p(t)*g(t) are bundle-like, and hence induce transverse metrics g T (t). The transverse metrics g T (t) 
and the pulled back dilaton f(t) = p(t)*f(t) satisfy equations (T7\ ), and i flffj) respectively. Moreover, 
f is basic, and g(t) G DJlet T (S). 

Easy modifications of the proofs of Propositions 14.21 and 14.41 yield 

Proposition 5.2. If g T {t) is a transverse Ricci flow on [0, T] with g(0) Sasakian, r(t) a positive 
solution of l\19\) , and fx is a basic function, then 3f(t) fort £ [0,T] solving the transverse backward 
heat equation t20\) with f(t) basic for each time t, and f(T) = fx- 

Proposition 5.3. The functional W T is invariant under the action of Qiff T . 

We can now prove Theorem 11.21 by mimicking the proof of Theorem 11.11 

Proof of Theorem \l.S\ By Proposition 15.21 we can solve equation (120j) . By Proposition 15.11 the 
pulled back triple (g(t), f(t),T(t)) satisfy the gradient flow equations (flTl) . (Tl8j) and (fT9l) and hence 
W T (g(t), f(t), r(t)) is increasing. By Lemma I4TT] the time dependent diffeomorphisms p(t) 6 Diff T 
and so by Proposition 15. 3[ W T (g, f, r) = W T (g, /, r). The theorem is proved. □ 

We now define the transverse analogue of Perelman's ^-functional. 

Definition 5.2. Set 



X 



Ug,f,r) G Tltt T (S) x C%(S) x M >0 : J^r)- n e~fdp = 1 j 



Then define the functional p T : 9Jtet T (S') x M>o by 

p T (g, t) = inf { W T (g, f, r) : (g, f, r) G X } ■ 

Remark. It is easy to check from the definition that pF is invariant under the action of 2)iff T . 
Moreover, from the definition, p T shares the same scale invariance as W T ; we refer the reader to 
the remark following Definition 15.11 

In analogy with the Ricci flow, the //^-functional is always finite. 

Proposition 5.4. For any pair (g,r) G Tlet T (S) x M>o, 

M T (5,t) > -oo. 

Proof. The proof is identical to the proof for the general Ricci flow. We refer the reader to [5J 127] . 
and the appendix. □ 
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Proposition 5.5. Let (S,£) be a foliated Riemannian manifold, g(t) a solution of the transverse 
Ricci flow on [0, T] with g(0) Sasakian. Suppose that r(t) is a solution of \19\) . Then /j? \g(t),r(t)) 
is increasing. 

Proof. Let t £ [0,T], and f(t ) € C%(S) such that (g(t ), /(to), t(*o)) G X- Let f(t) be a solution 
of (|20p . Then, by the monotonicity of W T we have 

/x T (g(0), r(0)) < W T (g(0), /(0), r(0)) < W T (g(t ), f(t ),r(t )) . 
Taking the infimum of the last quantity yields the result. □ 

Throughout this section, and the last, we assumed that the evolving metric g(t) was a solution of 
the transverse Ricci flow. In the remaining sections, we will be working with the normalized version 
of the transverse Ricci flow, which we have been referring to as the Sasaki-Ricci flow. Observe that 
if g T (s) is a solution of the Sasaki-Ricci flow, then g T (t) = (1 — t)g T {— log(l — t)) is a solution of 
the transverse Ricci flow. Thus, if we set r(t) = 1 — t and let f(t) evolve according to (p0|) then the 
transverse scale invariance of W T implies that 

W T ((1 - t)g T (- log(l - t)), f{t), 1 - t) = W T {g T {- log(l - t),f(t), 1) 

is increasing. In particular, we have that /i T (g T (s), 1) is increasing along the Sasaki-Ricci flow. An 
important property of the fi T functional is: 

Lemma 5.1. Let (S,g) be a Sasakian manifold, and let r > 0. There exists f T £ C^(S) so that 
W T (g,f T ,T) = fi T (g,r). 

The proof is given in the appendix. 

Remark. A consequence of the proof of Lemma 15.11 is that 

fi T (g,r) = inf |w T ( 5 ,/,r) : / E W 1 / [S) , J ^T)~ n e' U^i = 1 j . 

We refer the reader to the appendix for the definition of W B ' 2 (S). 

6. Bounds along the Sasaki-Ricci flow 

In this and the following sections we aim to prove Theorem 11.31 The proof has essentially two 
parts. In the first part, we employ maximum principle techniques to show that the conclusion of 
Theorem 11.31 follows from a uniform transverse diameter bound along the Sasaki-Ricci flow. In the 
second part of the proof we use the functionals /i T , and W T to prove a non-collapsing theorem, 
which is of independent interest. We then employ the non-collapsing theorem to obtain the required 
diameter bound. The arguments in this section and the next are direct adaptations of Perelman's 
arguments, which can be found in [22\ 128] . 

Let (f)(t) be a solution to the Sasaki-Ricci flow ([7]) with initial condition (f)(0) = 0. Using the 
transverse <9(9-lemma of [9j, there is a basic function u such that 



0g T 

d i d k^ =-^=9 T kl - Rl = did- k u 
We may assume that eft = u and that u is normalized by the condition 
(21) / e~ u{t) dfi = (47r) n . 

We compute that 



s 



^3 5 (— ) = didj,u + did- k A B u. 
Thus, we may take u to evolve by u = Abu + u — a, where a = (47r) _n J ue~ u . 



THE TRANSVERSE ENTROPY FUNCTIONAL AND THE SASAKI-RICCI FLOW 17 

Lemma 6.1. The quantity a is monotone under the Sasaki-Ricci flow. In particular, there is a 
uniform constant C\ depending only on g(0) such that a = (4ir)~ n f s ue~ u d/j> > C\ 

Proof. Using the evolution equation for u, we compute 

d = (4ir)~ n / (Abu + u — a — u 2 — uAbu + ua + u/\bu) e~ u d/i. 
Js 

Using now the definition of a and the normalization (|2ip . we get upon integration by parts 

d = o 2 + (4vr)- n f \Vu\ 2 e- u dfi-(A7r)- n [ u 2 e~ u d^. 
Js Js 

Thus, it suffices to prove the following Poincare type inequality: □ 
Lemma 6.2. Let u satisfy the equation — Ric^,. = djd^u. The following inequality holds for all 

< 22 » vh) L fe " d " £ dm L ' v/l + {vk) Is ,e ~" d « 

The proof is given in the appendix. The quantity a is trivially bounded above, as xe~ x is bounded 
above on R. 

Lemma 6.3. There is a uniform constant C2 > such that a < C%- 

The following lemma shows that it is enough to obtain a bound from above for the scalar curvature. 

Lemma 6.4. The transverse scalar curvature R T is uniformly bounded from below along the Sasaki- 
Ricci flow. 

Proof. We compute the evolution equation for the transverse scalar curvature 

RT = -R T + \Ric T \ 2 + A B R T . 

As R T is basic, an application of the minimum principle yields the result. □ 

We now use the uniform bound for a to obtain a uniform lower bound for u, which reduces the 
problem to obtaining uniform upper bounds for the transverse scalar curvature, and u. 

Lemma 6.5. The function u(t) is uniformly bounded below. 

Proof. The proof is identical to the proof in [28J , and we may use that A# = A on basic functions. □ 

Proposition 6.1. There is a uniform constant C such that |Vn| 2 + \R T \ < C(u + C). 

Proof. The computations and arguments in the proof of this proposition in |28j are completely local. 
Thus they carry over verbatim to the Sasaki setting. □ 

Lemma 6.6. Let x G S be such that u(x,t) = min y& s u (y,t)- There is a uniform constant C such 
that 

u(x,t) < Cd T (x,y) 2 + C 
R T (x,t) < Cd T (x,y) 2 + C 
\Vu\ < Cd T (x,y) 2 + C 

Proof. By Lemma [6. 51 we can assume u > 5 > 0. From Proposition ^. 1| we have that \fu is uniformly 
Lipschitz bounded and basic. Thus, 

2yJU 

Thus, 

u(y,t) < dd T {x,y) 2 + C lU (x,t) 2 . 
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Now, u(x, t) < K for some K independent of t, for if not, then 

(4vr) n = / e~ u dV t < e^^Vo^S) -»• 0. 
Js 

In particular, u(y,t) < CdJ(y,x) 2 + C" for C, C independent of t. The conclusion of the lemma 
follows from this and Proposition 16.11 □ 

7. Non-Collapsing and Uniform Diameter Bounds 

In this section we use the transverse entropy functional to prove a non-collapsing theorem for the 
Sasaki-Ricci flow, which we then use to obtain uniform diameter bounds along the Sasaki-Ricci flow. 
The proof of the non-collapsing theorem is essentially that of Perelman [22] (see also [8j [18l [28] ) . 

Proposition 7.1. Let g T (t) be a solution of the Sasaki-Ricci flow. There exists a positive constant 
C, depending only on g(0), such that for every p £ S, Vol(T g u\(x,l)) > C, for time t where the 
metric g(t) satisfies \R T \ < 1 on T g n\(x,l). 

Note that if the condition \R T \ < 1 holds at a point x G S, then it holds everywhere on orb^x 
as the transverse scalar curvature is constant along £. Thus, the conditions in Proposition 17.11 are 
local. That is, after fixing preferred local coordinates, it suffices to check the condition on a single 
fibre {x = const}. The proof follows from the following useful Proposition. 



Proposition 7.2. Let g T (t) be a solution of the unnormalized Sasaki-Ricci flow (d/dt)g(t) 



Ric T (g(t)). There is a constant k = K(g(0)) > so that if, \R T (g(t))\ < 1/r 2 in a tube T„u\(p,r) 



around a point p with orb^p a torus of dimension q then Vol g ^(T g ^(p,r)) > Kr 2n . 

Proof. We argue by contradiction. Suppose there exists sequence of points pk G S, times i& — > T, 
and radii so that dim orb^pk = q, and 

(23) \Rl\ = \R T g{tk) \ < but r; 2n Vol g (T g{sk) ( Pk ,r k )) = r- 2n Vol(T k ) -+ 

Lemma 7.1. Fix p G S and t G [0, T), and suppose 3r > such that \R T \ = \^m \ < on T(p,r). 
Then there exists r' G (0, r] such that 
(i) \R T \ = \R T g{t) \ < £ onT{p,r') 

(ii) (r')~ 2n Vol(T(p,r')) < 3 2n r- 2n Vol(T(p,r)) 
(Hi) Vol g{t) (T g{t) (p,r')) - Vol g{t) (T g{t) (p,r'/2)) < C(n,q). 

Proof. By Proposition 12.11 and the volume expansion in Theorem 12.11 we know that 

Vol g{t) (T g{t) (p,r/2 k )) 
fe-^oo Vol m (T g{t) (p,r/2 k + 1 )) 



Hence, there is a k < oo such that 

Vol g{t) (T g{t) (p,r/2 k )) 
Vol g{t) (T g(t) (p,r/2^)) ~ 

• if I < k, then 

m) Vol g(t) (T g(t) (p,r/2 1 )) 
[ ' Vol g(t) (T g(t) (p,r/2^)) > 

By iterating the inequality in (|24|) we obtain the result with r' = r/2 k+1 . □ 
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By Lemma l7.ll we may assume that {r^} is chosen so that property (Hi) holds. Let tp 6 C°° 
be such that tp is 1 on [0, 1/2], decreasing on [1/2, 1] and on [l,oo). Define functions {u k } by 

(25) u k = e c ^{r- 1 d T (x,p k )) 

where C k is chosen so that 



(47r) n = r~ 2n f u 2 dpt < e 2C *r~ 2n Vol(T k ) 

J TV. 



By assumption r k 2n Vol(T k ) — > 0, and so we necessarily have C k — > oo. It is easy to see that 
the function u k defined in ([25]) is basic, and u k G Wj 2 . We now apply the same argument as 
Perelman, using instead the transverse entropy functional, see [18], [22], [28]. Proposition 17.21 is 
proved. Proposition 17. II follows easily by rescaling. It is standard to check that if g T (t) is a solution 
of the Sasaki-Ricci flow, then g T (s) = (1 — s)g T (t(s)) is a solution of the unnormalized Sasaki-Ricci 
flow for t(s) = — ln(l — s). It is easy to see that the curvature assumption in Proposition 17. II implies 
the curvature assumption in Proposition 17.21 at radius y 7 ! — s; it follows that 



(26) k(1 - s) n < Vol m (T g[s) (p, VT^~s)) = (1 - s) n Vol g{t{s)) (T g{t{s)) (p, 1) 

which shows that Proposition 17.11 follows from Proposition 17.21 □ 

Remark. One might hope that in Proposition 17.21 the exponent 2n could be replaced with the ex- 
ponent 2n + 1 — q which is optimal in light of Theorem 12.11 However, the scaling argument above, 
along with the fact that the normalized Sasaki-Ricci flow preserves the volume of 5, shows that this 
is not possible unless q = 1 

We now employ these non-collapsing results to obtain uniform transverse diameter bounds along 
the Sasaki-Ricci flow, which in light of Lemma 16.61 will prove Theorem 11.31 

Proposition 7.3. There is a uniform constant C such that diam T (S, g T (t)) < C. 

The proof is essentially identical to Perelman's, using the same adaptations as before. We argue 
by contradiction. Assume that the diameters are unbounded in time. Denote by dj(z) = dj(x,z) 
where u(x,t) = min yg s u(y, t). Proposition 17.31 is then a consequence of the following two lemmas. 

Lemma 7.2. For every e > 0, we can find T(k\,k2), k\ < k%, such that if diam T (S , g(t)) is 
sufficiently large, then 

(i) Vol{T{k l ,k 2 )) < e 

(m) Vol{T(k l ,k 2 )) < 2 l0n Vol(T(k 1 + 2,T 2 - 2)) 

The proof of the the lemma is identical to the proof given in [28], and thus we omit it. We note, 
that the non-collapsing theorem is crucial to the proof. 

Lemma 7.3. Let ki,k 2 be as in Lemma \7.S\ Then there exists ri,r 2 and a constant C independent 
of time such that 2 kl < n < 2 kl+1 , 2 k2 -^~<r 2 < 2 k2 , and 

[ R T < CVol(T(ki,k 2 )) = CV 

Proof. By the coarea formula we have 

Vol{T{r)) = [ Id// > / \Vd T \dfi = [ U 2n {d T (x) = t}dt. 

J{0<d T <r} J{0<d T <r} Jo 

In analogy with the Euclidean case, denote S(t) = T-L 2n {d T (x) = t}. 
Step 1. 3n £ [2 fel ,2 fcl+1 ] such that 
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If not, then 

Vol{T{k l , fei + 1) > / S(t)dt >2V = 2Vol{T(k 1 ,k 2 )) 

J 2 k l 

which is not possible as k 2 » k\. In a similar fashion we obtain 
Step 2. 3r 2 G [2 fc2 " 1 , 2 fca ] such that 



Now we have 



f R T = [ (R T -n) + nVol(T( ri ,r 2 )) 

JT( ri ,r 2 ) JT(ri,r 2 ) 

Au + nVol(T(ri, r 2 )) 

T(n,r 2 ) 

< / \Vu\ + / \Vu\ +nV 

J{dT= ri } J{dT=r 2 } 

< C'{2 k ^ +1 + 1)2^ + C"(2 fc2 + 1)2^ + nV < CV 

where we have used the estimates in Lemma 16.61 in the last line. Clearly C is independent of t. 

□ 



Proof of Proposition \ 7. 3[ Suppose that the diameter is not uniformly bounded. That is, there exists 
a sequence of times ij — > oo such that diam T (S, g(U)) — > oo. Let ej be a sequence of positive real 
numbers with ej — > 0. By Lemmas 17.21 and 17.31 we can find sequences k\, and k l 2 , such that 

Vol ti (T ti (k\,ki))<ei 

Vol ti {T ti {k\A)) < 2 10n Vol u (T u (ki + 2,4 - 2)) 
For each i, find r\ and r\ as in Lemma 17.31 Let (pi be a sequence of cutoff functions such that 

4>(z) = 1 on [2 fc i +2 , 2 fc 2- 2 ], and cj) = on (— oo,r\] U [r|,oo). Let m = e Ci <fii(df.(x,Pi)) such that 
j sU f = (4^-)n_ We have 

(4vr) n = e 2C * / 4 < e 2C *e t . 
Js 

Since — > 0, we have Cj — )• oo. We plug the functions Ui into the W T functional, and follow the 
proof in [28]. □ 

Combining Lemma l6.6[ and Proposition 17. 3( we have proved Theorem 11.31 

8. Appendix 

In the appendix we include the proofs of those facts requiring the use of transverse Sobolev spaces, 
which we felt were outside the theme of the main body of the paper. In particular, we first prove: 



Lemma 8.1. Let u satisfy the equation g^. — Ric^ = djd^u. Then the following inequality 



holds for all f e C%(S). 
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The proof is elementary, and well known in the Kahler case. We include a detailed proof, as it 
highlights some of the technical difficulties of working transversely. We must study the operator 

Lf = -(g T y~ k V 3 V- k f + {g T f k V- k fV 3 u 

on C B C {S, C), the space of smooth, basic, complex valued functions, which is not elliptic. However, 
we will still be able to analyze this operator, by observing that L is the restriction of an elliptic 
operator on C°°(S, C). In order to prove the lemma, we need to show that L has a complete family 
of eigenvalues, its kernel is precisely the constants and the lowest strictly positive eigenvalue of L is 
no smaller than 1. To do this, we need to study the basic Sobolev spaces; 

Definition 8.1. Define H r B (S,C) = W r /(S,C) to be the closure of C%(S,C) with respect to the 
Sobolev norm induced by the metric g T . For example, 

(28) U\\ ltB = f f (g T f j V k 0^d^ + f (g T ) fk V- k <IN^d^ 

J S J S J s 

Remark. First, we remark that we can make the above definition for H B (S,M) in a similar manner. 
Notice that the Sobolev norm defined above, and the restriction of the standard Sobolev norm to 
C B °{S, C) agree, and hence the basic Sobolev norm is just obtained by restricting the standard 
Sobolev norm to the closure of the smooth basic functions. However, this is not the case when we 
consider the Sobolev spaces H r (VL p B ) of p- forms, and so we choose to distinguish between the two to 
avoid confusion. 

From now on, we suppress the symbol C, and let it be understood that we are considering complex 
valued functions. In order to show that L has a complete spectrum, it suffices to prove the existence 
of a Green's function for L. The existence of the Green's function follows from a standard argument, 
once we have Rellich's theorem, and an elliptic a priori estimate. Rellich's theorem was proved for 
general foliations in [IT]. We have 

Lemma 8.2 ( |17j Proposition 4.5). Vr > and t > the inclusion H r B +t {S) H B (S) is compact. 

We can obtain the required elliptic a priori estimate, and regularity theorems by observing that 
on basic functions, — L agrees with the elliptic operator 

L = g af) V a Vp-g a N a uVp. 

By standard elliptic theory, the operator L has the elliptic a priori estimate. In particular, there is 
a constant C r so that, for any <f> G H r B +l {S) C H r+1 (S) we have 

IH|r+2<a(||^||r + |H|r+l). 

By the remark following Definition 18.11 we obtain, 

Lemma 8.3. Let 4> G H r B +1 has L<j> G H r B . Then 4> G H B +2 , and 

H\\r+2,B <C r (||L0|| r>B + ||0||r+l I B). 

Remark. In fact, this holds more generally. It is well known (see for example |17j ) that the restriction 
of the Sobolev norm on H r (i}) to the subspace H t {Qb) of basic forms induces a norm equivalent to 
the basic Sobolev norm. In particular, Lemma 18.31 holds for basic forms. 

Observe now that in Definition 18. 1 1 we can replace the measure dfi with e~ u d\i to obtain a weighted 
basic Sobolev space, which we denote by H B (S). It is clear that the weighted basic Sobolev norm 
is equivalent to the unweighted norm, and hence Lemmas 18.21 and 18.31 hold for the weighted norm. 
A corollary of Lemmas 18.21 and 18.31 is 

Corollary 8.1. KerL C H B (S) is finite dimensional, and consists of smooth, basic functions. 
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Note moreover, that the operator L is self-adjoint with respect to the inner product in H B (S). In 
particular, if / is basic, L satisfies 



/ |V/| 2 e-"^=(L/,/). 
Js 



We see immediately that if / 6 KerL C C B °(S), then / is constant, and that all the eigenvalues of 

L are real. Now, L : H B — > L B , is self-adjoint and so we can apply the usual argument to obtain 

the existence of the Green's function G : 1? B — > L B which is compact and self-adjoint, hence has 
a spectral decomposition, and yields the spectrum of L. It now suffices to prove that the smallest 
positive eigenvalue of L is no smaller than 1. This is a straightforward computation. Assume that 

/ fe~ u dfi = that is/ _L KerL in l|. 
Js 

We use a Bochner type argument. Differentiating the equation yields 

Vf(Lf) = - (g T f k VjvMf + mcl(g T Y~ k VTf + (^)^Vf VjnVf / 

+ ( 9 T y k vjuvfvlf. 

We now multiply by {g T ) ml Vj n f and integrate with respect to the weighted measure e~ u d\x. The 
first term is 

- / (/)^(/) m VJvfvf/V^/e-«^. 
Js 

Since S is Sasakian, we observe that ^JV^V^/ = djVjV^f as the connection coefficients with 
mixed barred and unbarred indices are zero. Let V = (g T ) ml ^mf ■ Integration by parts yields 

+ (g T y k d ] V l -{g T f k V l d ] u 
+ (g T ) fk V l g^d j g p . a ]e~ u dn. 

By computing in preferred local coordinates, we see that g a ^djg^ a = (g T ) q ^djgp q . Now, the trans- 
verse Kahler condition implies that the first and last terms cancel. Using that V^Vjn = dfdj 



u 



qj. — Ricf- we obtain 

[ V T (Lf)(g T rV m fe-^= f [^^Vf V£ fVjV T m f 
Js Js 



(29) 



+ (g T ) mI VffVlf]e- u d^. 



Since the first term in (|29p is positive, we see immediately that if / is an eigenfunction of L with 
eigenvalue A > 0, then A > 1. We have succeeded in proving Lemma I5TT1 

We now turn our attention to the proof of Lemma 15.11 The method of proof is essentially that of 
Rothaus [27] . We refer the reader to |1U| for a detailed argument in the Kahler case. We first need 
the logarithmic Sobolev inequality. 

Proposition 8.1 (logarithmic Sobolev inequality). Let (M n ,g) be a closed, Riemannian manifold. 
For any a > there exists a constant C(a,g) such that if 4> > satisfies J M 4> 2 = 1; then 



^ 2 

M 



\og(j)dfi<a \V(j)\ 2 dn + C(a,g). 
Jm 
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Proof of Lemma \5.1[ Note that it suffices to show that we can find a minimizer for VV T (g,f, 1). 
Setting w = (47r) n ' 2 e - ^/ 2 , we seek to minimize 

4\X7w\ 2 + (R T - 21ogw - nlog(47r) - 2n) w 2 d\x. 

The logarithmic Sobolev inequality implies any minimizing sequence is uniformly bounded in 
Wg 2 {S). The same arguments as in [271 111)] yield the existence of a non- negative minimizer w\ G 
Wg 2 (S). The minimizer must be a weak solution of the Euler-Lagrange equation 

— 4Awi + R T wi — 2u>i log wi — (n log(47r) + 2n)w\ = [i T (g, l)wi . 

By elliptic regularity we see that w\ G C°°, and an application of the comparison principle shows 
that w\ > 0. Now, it is clear the w\ is basic, as w\ G C OD (S) D W^' 2 (S). □ 
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